We express explicitly all parameters of the most general Two-Higgs-Doublet Model (2HDM) scalar potential via measurable (basic) quantities plus additional parameters specifying the basis choice. The full set of basic parameters is partitioned into two groups: the first group can be obtained by measuring all the scalar boson masses and the couplings of two neutrals to gauge bosons.The second group, in contrast, does not affect the masses and Higgs-gauge couplings, and can only be determined from processes involving Higgs self-interactions. These basic quantities can be treated as free parameters of model limited by general enough conditions.
I. INTRODUCTION
The recent discovery of a Higgs-like particle with M ≈ 125 GeV at the LHC [1] hints that the spontaneous electroweak symmetry breaking is most probably realized by the Higgs mechanism. The minimal realization of the Higgs mechanism introduces a single scalar isodoublet φ with the Higgs potential V H = −m 2 (φ † φ)/2 + λ(φ † φ) 2 /2. This model is usually called "the Standard Model" (SM); it can be also referred as the "one Higgs doublet model" (1HDM).
The experimental results favor the realization of that minimal scenario (SM-like situation). Nevertheless, many variants of extended Higgs models are not ruled out. Common feature of these models is appearance of a set of neutral Higgs bosons h a .
The Two Higgs Doublet Model (2HDM) presents the simplest extension of the standard Higgs mechanism. In this model standard Higgs, doublet is supplemented by an extra hypercharge-one doublet. It offers a number of phenomenological scenarios with different physical content realized in different regions of the model parameter space, such as a natural mechanism for spontaneous CP violation [2] . Some of its variants have a number of interesting cosmological consequences [3] . The Higgs sector of the MSSM is a particular case of 2HDM, etc.
To have confidence that this model is indeed realized, it is necessary to observe all particles which appear here and to determine all the relevant parameters of Lagrangian.
In the 1HDM, parameters of Higgs potential can be treated as measurable quantities, the mass of the Higgs boson M h and the Higgs self-coupling parameter λ = M 2 h /v 2 , where v = 246 GeV is vacuum expectation value of Higgs field. Physical problems in this model can be equally discussed in terms of parameters of the potential or in terms of these observables.
2HDM contains two fields with identical quantum numbers. Therefore, its description in terms of original fields or in terms of their linear superpositions are equivalent; this statement verbalizes the reparameterization (RPa) freedom of the model. A restricted version of this freedom, in which one only changes the phases of individual doublets, is called the rephasing (RPh) freedom.
In the most general 2HDM, explicit expressions of the parameters of the Higgs potential via measurable quantities has not been written so far. The standard approach is to calculate observable quantities via parameters in some definite RPa representation and with some simplifying assumptions.
This RPa freedom opens a door to different approaches to the analysis of the model and corresponding phenomenology. The most popular way is to consider opportunities given by some special form of the potential with additional freedom coming from some extra assumptions (see e.g. [4] ). It is similar to discussion of electrodynamic effects in a certain gauge defined by additional gauge-fixing conditions. In this way, for example, CP violation or a strong Z 2 violation can bring new opportunities which can be missed in such analysis. The basic-independent approach of [6] is much more general but involves very bulky calculations. The algebraic approach based on bilinears developed in [7] allows one to deduce general properties of the models. In this paper, continuing the earlier studies of ref. [8] ), we develop yet another approach to 2HDM analysis in terms of observable quantities.
In our discussion, we give up attempts to express measurable quantities via the parameters of potential (such calculations typically include complex algebraic calculations). Our main task is, instead, to express explicitly all the parameters of the potential in terms of measurable quantities, allowing for a 2HDM analysis via unambiguous, physically sensible parameters. We do this for the most general 2HDM, regardless of whether CP symmetry is conserved or not, and for an arbitrary Yukawa sector. (No doubts, the alternative solutions of this problem are possible. In particular, such expressions were written for CP conserved 2HDM potential with softly broken Z 2 -symmetry, see e.g. [5] .) While solving this problem, we also obtain some by-product results of certain interest.
The structure of the paper is the following. In Sec. II, we give a brief review of the 2HDM and, in Sec. II A, introduce relative couplings, quantities which are useful in the analysis. In terms of these observable quantities, the condition for CP conservation is written in a very simple form (7) .
In Sec. III, we turn to the Higgs basis, in which only one Higgs field have non-zero v.e.v. and which proves very useful for our analysis. In Sec. IV, the physical mass terms of the potential are discussed. Finally, in Sec. VII we review the results obtained and briefly discuss important by-products of our study. These are: a possible coexistence of relatively narrow Higgs particles with the strong interaction in Higgs sector and sum rules for the Higgs couplings.
Its coefficients are restricted by the requirement that the potential be positive at large quasiclassical values of φ i (positivity constraints).
• The model contains two doublets of scalar fields with identical quantum numbers. Therefore, it can be described either in terms of the original fields φ 1 , φ 2 , which enter (1), or in terms of fields φ 
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This transformation induces a transformation of the parameters of the Lagrangian λ i → λ ′ i in such a way that the new Lagrangian, written in fields φ ′ i , describes the same physical content. We refer to these different choices as different RPa bases.
Transformation (2) is parameterized by angles θ, ρ, τ and ρ 0 . The parameter ρ 0 describes an overall phase transformation of the fields, and since it does not affect the parameters of the potential, we do not consider this degree of freedom.
In the potential (1), parameters λ 1−4 , m are real while λ 5−7 , m 2 12 are generally complex. So, it takes 14 real quantities to fully define the scalar part of 2HDM. Since the three remaining parameters of RPa transformation cannot influence description of physical phenomena, the actual number of physically relevant parameters of the potential is 14 − 3 = 11.
• Extrema of the potential satisfy the stationarity equations ∂V /∂φ i | φ1= φ1 ,φ2= φ2 = 0 (i = 1, 2). The most general solution that describes the SU (2) × U (1) Y → U (1) EM symmetry breaking can be expressed via two positive numbers v i and the relative phase factor e iξ as:
The ground state of potential (the vacuum) is the extremum with the lowest energy, and its vacuum expectation value (v.e.v.) is v = 246 GeV. φ i are then decomposed into their v.e.v.'s and the quantized component fields:
Here,
2 sin β and G 0 = ξ 1 cos β + ξ 2 sin β are the massless Goldstone modes, while
1 sin β and ζ 3 = ξ 2 cos β − ξ 1 sin β describe the charged Higgs boson and a neutral scalar ζ 3 whose parity is opposite to that of ζ 1,2 . Linear combinations of neutral fields ζ i form the set of observable neutral Higgs particles h 1 , h 2 , h 3 .
A. Relative couplings
Let us denote, within the SM, the couplings of the Higgs boson to a fundamental particle P = {V (W, Z), Below, we make use of the relative couplings, the ratios of these couplings to their SM values 1 :
Relations among these relative couplings which can take place in some particular models are more stable under radiative corrections than the relations among couplings themselves, since the possible large QCD corrections in nominator and denominator of (6) compensate each other.
In general, the neutrals h a have no definite parity. In the CP conserving case, we have
The model contains an extra scalar-vector boson interactions, H ± W ∓ h a . For these we introduce dimensionless relative couplings:
III. HIGGS BASIS
Any RPa basis can be used for solving physical problem. Some of them are more suitable than others when solving specific problems. In particular, when the system possesses an additional symmetry, the preferable RPa basis is the one in which this symmetry is made obvious. Examples include the case when, in some RPa basis, the Yukawa sector has a form in which fermions of each type are coupled to only one field φ 1 or φ 2 (well known models I, II, X, Y); the case of softly broken Z 2 symmetry (the RPa basis with λ 6 = λ 7 = 0); the explicitly CP symmetric model (the RPa basis with all parameters of the potential real), etc.
We find useful for our goals to analyze the model with known vacuum (the ground state of the potential) using the basis with v 2 = 0. This basis is called the Higgs basis, or Georgi basis [10] . The Higgs basis is obtained from any given basis with known v.e.v.'s (4) by transformation (2) with θ = β, ρ − τ = ξ:
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1 The nominator and denominator are calculated in the identical approximations of perturbation theory.
The phase factor e ±iρ/2 represents the remaining RPh freedom in the choice of the Higgs basis that is, independence of the physical picture from the choice of relative phase φ i , the RPh phase.
Vise versa, any form of the potential can be obtained from the Higgs basis form with the transformation,F −1 HB , i.e. transformation (2) with θ → −β, ρ − τ → −ξ, ρ → −ρ, ρ 0 → −ρ 0 . We denote this basis as "RPa basis (β, ξ)/HB". Again, we do not fix in this definition the RPh phase ρ and the irrelevant parameter ρ 0 .
The potential obtained has the same form as (1) . To distinguish its parameters in the Higgs basis from a generic basis, we use the capital letters Λ for the quartic and µ for the quadratic parameters. The extremum conditions in the Higgs basis are simple,
. With these constraints the potential can be rewritten, up to a constant, in a more elegant form via the charged Higgs mass:
Fixing the RPa basis reduces the number of parameters needed to describe potential comparing to the original form (1) . Instead of the four mass term parameters in its last line, we have two parameters, the v.e.v. v = 246 GeV and the mass of charged Higgs boson M ± . The quartic part still contains 10 dimensionless parameters Λ i (including real and imaginary parts of Λ 5,6,7 ). The residual RPh freedom is described with the irrelevant basis parameter ρ, the relative phase between the fields φ i . The total number of relevant free parameters is 11, as found above.
In the Higgs basis, the decomposition (5) simplifies to
To arrive to the description in terms of physically observable fields, one should start by substituting these expressions into the potential (10) . Also, by choosing the unitarity gauge for the gauge fields, we omit the Goldstone modes G a from now on. As a result, the potential (10) is takes the form in which coefficients are expressed via parameters of (10) (here and below, the usual convention of summation over repeated indices is adopted):
IV. QUADRATIC TERMS AND PARAMETERS Λ1, Λ4, Λ5, Λ6 Λ1, Λ4, Λ5, Λ6 Λ1, Λ4, Λ5, Λ6
In eq. (12), the coefficients M ij form the neutral scalar mass matrix (here N = M 2 ± /v 2 + Λ 4 ):
The physical neutral Higgs states h a are such superpositions of fields η i that diagonalize this mass matrix: (14) . Therefore we obtain a sum rule:
One of the advantages of the Higgs basis as compared to other RPa bases is the fact that elements of rotation matrix are directly related to the relative couplings (6), (8) , which are, in principle, measurable:
It can be seen easily after writing the kinetic term of Higgs Lagrangian with definitions (11), (14) . The absolute values of the real quantities χ V a are directly measurable in the decays h a → W W , etc., while their relative signs can be extracted from the two photon width Γ(h a → γγ).
The phases of quantities χ
, i.e. the ratios R The orthogonality of the mixing matrix means that its elements obey a set of relations:
In a RPh basis with R 2 3 = 0, the relations (18) with a = b and i = j can be treated as equations determining some elements of mixing matrix via the others. Namely, we express all elements R a i via couplings of different Higgs neutrals h a to gauge bosons χ V a . The relative signs of some elements of this matrix are given by basic expression of mixing matrix via Euler angles. Including the phase rotation and restoring thus the rephasing freedom to allow for the phase ρ in χ
, we write general form of the mixing matrix:
Finally, one can read (13) as expressions of some Λ's via elements of the mass matrix and then, with the aid (15), to express them via measurable quantities, the masses of Higgs bosons and their relative couplings to gauge bosons (in the second line, we prefer to use the sum rule (16)):
These equations directly present the parameters Λ 1 , Λ 4 , Λ 5 and Λ 6 via measurable quantities. The phase freedom in the definition of couplings χ
is reproduced as a similar freedom in phases of Λ 5 , Λ 6 .
In addition, the relative coupling Zh a h b is expressed using a rotation matrix as χ
. This equation can be rewritten via couplings χ
and then -with the aid of eq. (19) -in the very simple form:
V. TRIPLE AND QUARTIC TERMS OF THE POTENTIAL
The Higgs bosons masses and relative couplings to the gauge bosons do not depend on Λ 2 , Λ 3 , Λ 7 . To determine them, additional measurements are needed. For this goal, we consider triple and quartic interactions with the charged Higgs boson. We start our analysis in terms of fields η i and then pass to the physical Higgs fields h a with the aid of the mixing matrix (14).
• Vertices
The simplest part of the cubic terms in (12) describes interaction of neutral and charged scalars:
After transformation to physical states η i = R a i h a , we obtain the corresponding couplings:
This expression is easy to solve for T i by inverting the rotation matrix. In this way, we express the three parameters Λ 3 , ReΛ 7 , ImΛ 7 via the measurable couplings between the neutral and charged scalars:
• Vertex 
(Certainly, when analyzing future experimental data on charged Higgs scattering, one should take into account not only this contact interaction but also many other diagrams.)
• Vertices h a h b h c h a h b h c h a h b h c arise from the part of potential (12), cubic in neutral scalars:
(25) This equation contains parameters which are already familiar from quadratic terms and from eq. (22). Passing as usual to the physical fields h a , we transform this term to a form which exposes the triple neutral Higgs interactions h a h b h c . Therefore, triple neutral Higgs couplings offer an alternative way to determine parameters Λ 3 and Λ 7 , though this procedure seems more involved.
We find it useful to pay particular attention to the important case of h a h a h a interaction. Using the orthogonality relations (18), we find
Now we use (20) to express Λ 1 , Λ 4 , Λ 5 , Λ 6 via the scalar masses and obtain
For a = 1, the first term here is similar to what we would get in the SM (1HDM) when describing the triple Higgs vertex. This equation is used in [18] for estimating opportunity to observe sizable violation of this vertex from its SM value.
• The quartic scalar vertices involving neutrals h a h a h a are given by the sum
in eq. (12) . The coefficients here include the parameter Λ 2 , for example
Experimental measurement of these vertices gives a cross check for the value of Λ 2 obtained from the
The corresponding algebraic expressions are straightforward but cumbersome.
VI. YUKAWA INTERACTION
The 2HDM can admit different forms of the Yukawa sector. The interaction of a given right-handed down type fermion f to neutral components of the Higgs fields can be written, in the starting notation, as (4) with parameters β f , ξ f , determined independently. This basis is obtained from the Higgs basis form by a transformation inverse to (9), i.e. that is (β f , ξ f )/HB RPa basis.
Fixing ρ 0 = ρ/2, we express the fieldφ 1f via the Higgs basis fields Φ i by equationφ 1f = cos β f Φ 1 −sin β f e iξ f Φ 2 . In this basis, the v.e.v. of fieldφ 1f is v cos β f , which allows us to compactly write the corresponding couplings; for example, g t φ = g t SM / cos β t . Now, decomposition of neutral components of Φ i (11) gives the interaction of these neutral component to f in the form
After that, the substitution of the rotation matrix (14) gives couplings of down f -quark to all neutral Higgses in the form
In the CP conserved case these equations can be easily transformed to well known forms.
(For the up quark f in the similar way one should write φ * i instead of φ i , it results in to the change ξ → −ξ in the final equations.)
It is known that a generic 2HDM Yukawa sector leads also to the flavor-changing neutral currents (FCNC). They arise due to mismatch of the f-selective bases of the quarks of the same charge. If needed, these FCNC couplings can also be expressed, in a similar fashion, via the mismatch angles.
• It is instructive to illustrate this discussion with some known Yukawa sectors (type I or type II).
In 2HDM-I, the f-preferable bases coincide for all fermions,
In 2HDM-II, one such basis describes all up-quarks, and an orthogonal basis describes all down quarks, β b = π/2− β t ≡ β, ξ b = ξ, ξ t = 0, etc. It leads to useful relations among Yukawa couplings for different fermions [9] (χ
(In the aligned 2HDM [17] , one has a similar picture one f-selective basis for all up quarks, and another basis for all down quarks, but these two bases are not assumed to be orthogonal.)
VII. DISCUSSION
When constructing our formalism, we considered the most general Higgs potential, without imposing additional hypotheses such as CP conservation, soft Z 2 violation, or any specific form of the Yukawa sector.
We find that the neutral and charged Higgs boson masses M a , a = 1, 2, 3, and M ± , the couplings of any two neutrals out of three to the gauge bosons χ V a , the triple vertices g(H + H − h a ), and the quartic coupling g(
, form, together with v, a minimal set of independent measurable quantities which describes the 2HDM potential completely, up to the unphysical RPa basis parameters. The models with arbitrary values of these observable parameters can in principle be realized, provided that the positivity constraints are satisfied and the couplings χ 
A. Higgs potential
We express parameters of potential in the Higgs basis via measurable quantities explicitly. These expressions contain one irrelevant parameter: the RPh phase ρ related to rephasing freedom in the Higgs basis. In order to switch to another RPa basis, which could be more useful for some special reasons, one should use two nonphysical parameters tan β and ξ, which are determined by the RPa basis choice. Once these parameters are determined from problem-specific conditions, the transition to this RPa basis is performed with the aid of the back rotationF −1 HB (9), as it was done in Sect. VI. The final equations for parameters λ i , m 2 ij are constructed from measurable quantities discussed above and nonphysical RPa basis-choice parameters β, ρ, ξ.
Our analysis shows that the parameters of Higgs potential can be collected in three groups.
(i) Parameters of the first group determine the masses of all Higgs particles h a , H ± , as well as their couplings to gauge bosons V = W, Z. Vice versa, measuring these masses and couplings allows one to determine all parameters of this group.
The minimal set of observations needed to determine parameters of this group contains (a) the SM vacuum expectation value v; (b) four masses of the physical scalars M a and M ± ; (c) couplings of two different neutral Higgs scalars h a to vector gauge boson,
(ii) The second group contain three parameters which, in addition to the first group, are required for a complete description of the triple Higgs couplings. Measuring three couplings g(H + H − h a ) will allow to determine all parameters of the second group.
(iii) The third group contains one parameter which is necessary for the complete description of quartic Higgs interaction. This parameter can be restored without using of parameters of the first two groups from the data on H + H − H + H − vertex (however, extraction this vertex itself from the data on H + H − H + H − production requires the knowledge of other couplings).
In the Higgs basis, the first group contains M ± , v.e.v. v = 246 GeV, and parameters Λ 1 , Λ 4 , ReΛ 5 , ImΛ 5 ReΛ 6 , ImΛ 6 ; the second group contains Λ 3 , ReΛ 7 and ImΛ 7 ; the third group is the single parameter Λ 2 . We do not find any similarly simple interpretation of different groups via the parameters of potential in any other RPa basis.
In principle, parameters of the second and third groups can be found from different triple and quartic interactions of Higgs bosons. Their determination in processes involving charged Higgses looks preferable for two reasons. First, with charged Higgses, this procedure requires the fewest calculations, improving accuracy or reducing uncertainties. Second, the amplitudes of the processes e + e [13] are directly proportional to the corresponding couplings, without any non-relevant diagrams interfering. The amplitudes The fact that free parameters of the potential naturally fall into three very distinct categories, offers a new opportunity which was absent in the SM. Before the Higgs discovery, the large coupling constant λ was, in principle, possible within SM. In this case, the Higgs boson would be very heavy and wide, and it could not be seen as separate particle. Instead, its dynamics would be governed by the strong interaction in the Higgs sector, which would manifest itself in the form of resonances in the It is useful, in addition to (19), to rewrite equations (18) at a = b and at i = j and eq. (28) in the form of sum rules, allowing for generalizations to some other forms of the Higgs sector [14] :
Relations (a) and (b) are the sum rules for couplings of different neutral scalars to gauge bosons and fermions. They are well known for the CP conserving case and for some definite forms of the Yukawa sector (see e.g. [15, 16] ). The main new point here is the statement about validity of all these sum rules beyond CP conservation and for an arbitrary form of the Yukawa sector. The relations (c) for a = 1, 2, 3 represent a new set of sum rules, which is useful for assessing the physics potential of the forthcoming experiments. 
